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a b s t r a c t
Mauro Zannetti has given a characterization of the external lines of a hyperoval cone in
PG(3, q), q even. In the proof he assumes a ‘‘polynomial’’ hypothesis. In this paper, we
improve his result by giving a new proof without using that particular hypothesis.
© 2011 Elsevier B.V. All rights reserved.
1. Introduction and motivation
In this paper, PG(3, q) is the projective space of dimension 3 and order q = 2h even. If π is a plane of PG(3, q), then a
hyperoval H in π is a set of q + 2 points of π , no three of which are collinear. A hyperoval cone of PG(3, q) consists of the
points on the lines joining the hyperoval H to a point V, called the vertex, not belonging to π ; see [3].
In [1], Barwick and Butler proved the following.
Theorem 1.1. Let L be a non-empty set of lines in PG(3, q), q even, such that
– every point lies on 0 or q2/2 lines of L;
– every plane contains 0, q(q− 1)/2 or q2/2 lines of L.
Then L is the set of external lines to a hyperoval cone of PG(3, q).
In this paper, Lwill always be a non-empty set of lines of PG(3, q). As usual, by a star of lineswe mean the set of all lines
through one point, the centre of the star. By a ruled plane we mean a plane considered as the set of all its lines. Now, let mj
denote non-negative integers, with 0 ≤ m1 < m2 < · · · < ms ≤ q2 + q+ 1. The set L is said to be of type (m1,m2, . . . ,ms)
with respect to the stars (respectively, planes) if each star (respectively, plane) contains eitherm1, orm2, or . . ., orms lines
of L, and all such stars (respectively, planes) do exist; see [2]. If a star (respectively, a plane) contains i lines of L, then we also
say that it is an i-secant star (respectively, i-secant plane). If i = 0, then we simply say that it is an external star (respectively,
external plane). Ifwe denote by tj the number ofmj-secant stars (respectively,mj-secant planes), then the following equations
hold (see [5,4]).
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s
j=1
tj = q3 + q2 + q+ 1
s
j=1
mjtj = k(q+ 1)
s
j=1
mj(mj − 1)tj = k(k− 1)− 2τ
(1.1)
with k = |L| and τ being the number of unordered pairs of skew lines in L.
In [5], Zannetti proved (by using Theorem 1.1) the following.
Theorem 1.2. Let L be a set of lines in PG(3, q), q even, such that
(Z1) |L| = q3(q− 1)/2;
(Z2) L has exactly (q+ 1)(q+ 2)/2 external planes;
(Z3) L has exactly q4(q+ 1)(q− 1)2(q− 2)/8 pairs of skew lines;
(Z4) L is of type (m, n) with respect to the stars of lines;
(Z5) L is of type (0, a, b) with respect to the ruled planes.
Then L is the set of external lines to a hyperoval cone of PG(3, q).
Themotivation of this paper lies in the proof of the previous result. Indeed in it the author assumes a particular hypothesis
(we could call it a polynomial hypothesis) for the integers m, n, a, and b. First, by (1.1), he obtains n = N/D, where
N = N(m, q) and D = D(m, q) are integers depending on m and q. Next, by supposing that m = αq2 + βq + γ (i.e.,
that m is a polynomial function of q), he gets N and D as polynomial functions of q whose coefficients are dependent on
α, β , and γ . Finally, he assume that the integer n is also a polynomial function of q. Hence, denoting by R the remainder
of the division N/D, he needs R/D to be an integer for every q. So he requires that R(q) ≡ 0. Thus the coefficients of R(q)
(which depend on α, β , and γ ) must be zero for every q. He uses similar arguments for the integers a and b. By assuming
the polynomial hypothesis, the author does not consider all the possible ‘‘sporadic’’ cases where R/D could be an integer
different from zero. In this paper, we give a new proof of Theorem 1.2 without using such a hypothesis. So we can definitely
exclude possible ‘‘sporadic’’ cases.
2. The new proof
First, we will prove that L is of (0, q2/2) with respect to the stars of lines. In view of (Z1), (Z3), (Z4), and Eqs. (1.1), the
following equations hold (see [5,4]):tm + tn = q
3 + q2 + q+ 1
mtm + ntn = q3(q+ 1)(q− 1)/2
m(m− 1)tm + n(n− 1)tn = q3(q+ 1)(q− 1)(q2 − 2)/4,
(2.1)
with
0 ≤ m < n ≤ q2 + q+ 1. (2.2)
From Eqs. (2.1), by tedious calculations, we get
2(q2 + 1)mn = q3(q− 1)(m+ n− q2/2). (2.3)
Let us recall that q = 2h. If h = 1, then Eq. (2.3) becomes
5mn = 4(m+ n− 2).
In view of (2.2), the last equation has the pair (m, n) = (0, 2) = (0, q2/2) as its unique solution. Now let us suppose that
h ≥ 2. If m > 0, then let s be the maximum integer such that 2s ≤ m and let t be the maximum integer such that 2t ≤ n.
In view of (2.2), we have that both s ≤ 2h and t ≤ 2h. Moreover, we have that s = 2h if and only if m = q2 and t = 2h if
and only if n = q2. So s = t = 2h does not happen. As q2 + 1 is odd, from (2.3) we have that mn ≡ 0 (mod 23h−1). Since
2h < 3h − 1, we have that both m and n are even integers. Then there exist two positive odd integers α and β such that
m = α2s and n = β2t . So Eq. (2.3) becomes
αβ(22h + 1)2s+t = 23h−1(2h − 1)(α2s + β2t − 22h−1). (2.4)
Now, let r ≤ 2h− 1 be the minimum integer between s and t . From Eq. (2.4), we get
αβ(22h + 1)2s+t = 23h−1+r(2h − 1)(α2s−r + β2t−r − 22h−1−r). (2.5)
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Since αβ(22h+ 1) is an odd integer, we have that s+ t ≥ 3h− 1+ r . If r = s, then t ≥ 3h− 1 > 2h, whereas, if r = t , then
s ≥ 3h− 1 > 2h. In each case we get a contradiction. Som = 0 necessarily. By (2.3), we immediately get n = q2/2.
Now we will prove that L is of type (0, q(q − 1)/2, q2) with respect to the ruled planes. In view of (Z1), (Z3), (Z5), and
Eq. (1.1), the following equations hold [5,4]:t0 + ta + tb = q
3 + q2 + q+ 1
ata + btb = q3(q+ 1)(q− 1)/2
a(a− 1)ta + b(b− 1)tb = q3(q+ 1)(q− 1)(q2 − 2)/4,
(2.6)
with
0 < a < b ≤ q2 + q+ 1. (2.7)
In view of (Z2), we have t0 = (q+ 1)(q+ 2)/2. So Eqs. (2.6) become
ta + tb = q(q+ 1)(2q− 1)/2
ata + btb = q3(q+ 1)(q− 1)/2
a(a− 1)ta + b(b− 1)tb = q3(q+ 1)(q− 1)(q2 − 2)/4.
(2.8)
From Eq. (2.8), by tedious calculations, we get
(2q− 1)ab = q2(q− 1)(a+ b− q2/2). (2.9)
So ab ≡ 0 (mod q2). We have only these three possible cases:
• ab ≡ 0 (mod q2) with a ≠ 0 (mod q2) and b ≠ 0 (mod q2);
• a ≡ 0 (mod q2) and so, in view of (2.7), a = q2 necessarily;
• b ≡ 0 (mod q2) and so, in view of (2.7), b = q2 necessarily.
In the first case, there exist four positive integers, α, β , s, and t , such that
– a = α2s with s ≤ 2h− 1 and α odd;
– b = β2t with t ≤ 2h− 1 and β odd;
– s+ t ≥ 2h.
Hence Eq. (2.9) becomes (let us recall that q = 2h)
(2h+1 − 1)αβ2s+t = 22h(2h − 1)(α2s + β2t − 22h−1). (2.10)
Now, let r ≤ 2h− 1 be the minimum integer between s and t . From Eq. (2.10), we get
(2h+1 − 1)αβ2s+t = 22h+r(2h − 1)(α2s−r + β2t−r − 22h−1−r).
Since (2h+1 − 1)αβ is an odd integer, we have that s+ t ≥ 2h+ r . If r = s, then t ≥ 2h, whereas, if r = t , then s ≥ 2h. In
each case we get a contradiction.
In the second case, a = q2 implies, by (2.9), that b = q(q− 1)/2 < a, a contradiction.
So b = q2 necessarily. By (2.9), we get a = q(q− 1)/2.
Finally, the set L is of type (0, q2/2)with respect to the stars of lines and of type (0, q(q−1)/2, q2)with respect to the ruled
planes. Hence, by Theorem 1.1, L is the set of external lines to a hyperoval cone of PG(3, q). So the proof is completed.
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